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Abstract. Many real-life decision problems require managing trade-offs be-
tween multiple objectives. Evolutionary algorithms have been successfully ap-
plied to approximate the Pareto frontier and find a finite population of optimal
solutions. But instead of a computation of the whole front, the reference point
approaches can aggregate different strategies to drive the search on relevant
areas previously selected by the decision maker. Additionally, the usage of col-
lective preferences to build reference points enhances the multi-objective results.
This work applies a collective intelligence MOEA to solve a continuous prob-
lem of facility location. The experimental results validate the concepts being
proposed and demonstrate that the COIN algorithm requires fewer number of
function evaluations for complex scenarios in comparison with state-of-the-art
alternatives.

1. Introduction
Multi-objective optimization problems (MOPs) simultaneously optimize a set of objective
functions. Formally posed, a MOP can be defined as minF (x) = {f1(x), . . . , fk(x)},
where x = 〈x1, . . . , xn〉 ∈ Ω is an n-dimensional vector of decision variables. The solu-
tion of a MOP is a (possibly infinite) Pareto-optimal set PS = {x ∈ Ω| 6 ∃y ∈ Ω : y ≺ x}
that contains all the elements of Ω that not Pareto-dominated (≺) by any other element
[Coello et al. 2007]. Elements of PS represent different trade-offs between the objective
functions values. The projection of PS through F () is known as the Pareto-optimal front,
PF .

In the general case, optimization problems and, hence, MOPs, are NP-hard
[Bäck 1996]. Therefore, metaheuristic and stochastic approaches are frequently the
only viable alternative to handle MOPs. The application of evolutionary algorithms to
MOPs has prompted the creation of multi-objective optimization evolutionary algorithms
(MOEAs) [Coello et al. 2007]. They approximate the PS as a discrete set of points.

MOEAs result is a set of points that represent different trade-offs between the
objectives. A decision maker (DM) must identify which of those solutions are the ones
that satisfy her/his preferences and would be realized in practice. This task can be rather
complex and requires in-depth knowledge of the problem being solved, something that is
impossible in many practical situations.

Reference points and interactive techniques can be used to mitigate those inconve-
niences and support the DM in reaching a proper specification. These approaches allow
the optimization algorithm to focus on areas of interest and thus reaching satisfactory



solutions at a lower computational cost. The interlace of the search process and DM pref-
erences improves the population quality throughout the evolutionary process and leads to
compromise solutions of practical interest.

The facility location problem [Klose and Drexl 2005] is a branch of operations re-
search concerned with the localization and assignment of available facilities and resources
to achieve the organization’s strategic goals. Facility location decisions often involve large
capital outlays and long-term planning horizons. Poor decisions in this domain may not be
recovered without a large amount of money and time being expended. Consequently the
expected result can get compromised if appropriate actions are not taken in an optimized
manner. This area has received significant attention due to the number of endeavours that
must reduce costs and optimize their operations: manufacturing plants, storage facilities,
public transport planning, warehouses, vehicle routing, etc.

In practice, however, optimization problems pose difficulties in defining a priori
reference points or preferences. In this regard, collective intelligence reference points
obtained by the interaction and aggregation of multiple opinions can be used to produce
an accurate representation of preferences and, hence, reference points. Built upon the
subjectivity of the ds and human cognition, the intelligence of participatory actions ad-
dresses dynamic collective reference points to overcome MOPs difficulties and guide the
exploration of preferred solutions.

In [Cinalli et al. 2015b] the authors incorporated online collective preferences and
interactive behaviour into the existing MOEA: NSGA-II [Deb et al. 2002], therefore, put
forward a collective intelligence (COIN) [Malone et al. 2009] version of it. This work
applies the Collective Intelligenge NSGA-II (CI-NSGA-II) to solve a continuous problem
of facility location. The results show that the COIN algorithm yields better solutions at a
lower computational cost and provides faster analysis of preferred alternatives only.

The paper proceeds with Section 2 that covers the theoretical foundations neces-
sary for presentation of the proposal. The integration of collective intelligence in MOEAs
is explored in Section 3. Section 4 presents the algorithm based on interactive and col-
lective intelligence techniques. Subsequently, Section 5 analyses the performance of the
algorithms when faced with benchmark problems and a facility location case study, re-
spectively.

2. Background

Since the decade of 80’s, there have been several works on interactive multi-objective
methods using reference points and reference directions as preferences. Those approaches
were applied mainly in the classical multi-objective programming field. But in the last 15
years they have also emerged in evolutionary multi-objective area.

The reference point approach concentrates the search of Pareto non-dominated
solutions in the vicinity of a set of selected preference points. It is based on the achieve-
ment scalarizing function that uses a reference point to capture the desired values of the
objective functions. Let z0 be a reference point for an n-objective optimization problem
of minimizing F (x) = {f1(x), ..., fk(x)}, the reference point scalarizing function can be

2



stated as follows:

σ
(
z, z0,λ, ρ

)
= max

i=1,...,k

{
λi(zi − z0i )

}
+ ρ

k∑
i=1

λi
(
zi − z0i

)
, (1)

where z ∈ Z is one objective vector, z0 = 〈z01 , ..., z0k〉 is a reference point vector, σ is
a mapping from Rk onto R, λ = 〈λ1, ..., λk〉 is a scaling coefficients vector, and ρ is an
arbitrary small positive number. Therefore, the achievement problem can be rebuilt as:
min σ (z, z0,λ, ρ).

Deb et al. [Deb et al. 2006] proposed a reference-point-based NSGA-II proce-
dure (R-NSGA-II) to find a set of solutions in the neighbourhood of the corresponding
Pareto optimal. A minimum weighted normalized Euclidean distance calculates the pref-
erence distance of a solution and uses that information to bias the selection operator.
The synchronous R-NSGA-II [Filatovas et al. 2015] is a similar approach, but uses three
different scalarizing functions instead of the Euclidean distance. The Light Beam Search
based EMO [Deb and Kumar 2007] modified the NSGA-II crowding operator by the light
beam search to incorporate a priori preferences and produce a set of solutions in the re-
gion of interest. The decision maker (DM) must supply an aspiration and a reservation
point to determine the direction of the search. In many-objective optimization problems,
the high dimension of objective space makes a large number of individuals become non-
dominated to each other. This condition may not produce enough selection pressure for
a population to converge to a satisfactory Pareto front approximation. The NSGA-III
[Deb and Jain 2014] uses reference points on a hyperplane to overcome this issue and
guide the search process through a diverse population.

W-HYPE [Brockhoff et al. 2013] applied the weighted hypervolume indicator in
an interactive fashion to change the optimization goal of the algorithm. The DM in-
dicates preferred solutions in the current population and, as a consequence, this af-
fects the weight function used by the hypervolume indicator. The DF-SMS-EMOA
[Wagner and Trautmann 2010] maps the objectives to desirability functions normalized
in the domain [0, 1], d : Y → [0, 1]. Then, values of different objectives and units become
comparable. The preferences are represented by the difference between the actual desir-
ability and the maximum value of one: the smaller the difference is, the better the quality
of the solution in the corresponding objective. iMOEA/D [Gong et al. 2011], an interac-
tive version of the decomposition based MOEA, asks the DMs to analyse some current
solutions and use their feedbacks to renew the preferred weight region in the following
optimization. It converts the a MOP into a set of single-objective problems. PI-EMO
[Deb et al. 2010] changes progressively the value function after every few generations to
lead the optimization on more preferred solutions. After t generations, the user analyses η
(≥ 2) well-sparse non-dominated solutions and provides a complete or partial ranking of
preference information about them. The task is to construct a polynomial value function
satisfying the given preference hint.

2.1. Collective Intelligence

The development of social network technologies and interactive online systems has
promoted a broader understanding of the “intelligence” concept. A new phenomenon
emerged based not only on the cognition of individual, but also placed on a network of
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relationships with other people and the external world. The field known as collective in-
telligence is defined as the self-organized group intelligence arisen from participatory and
collaboration actions of many individuals. Shared tasks or issues are handled by singular
contributions in such a manner that their aggregation process creates better results and
solves more problems than each particular contribution separately [Malone et al. 2009].

Some COIN initiatives have proven their effectiveness over a wider range of areas.
The Amazon Mechanical Turk site outsources digital tasks that are difficult for computers,
but not for humans, such as: tagging images, writing product descriptions, identifying
performers on music and so on. InnoCentive site hosts companies’ problems and offers
a cash prize to the one who presents the most preferred solution. Both initiatives harness
collective ideas, elaborate global preferences to hit the target and outperform a design
expert. Affinova delivers a service to companies who want to improve their innovation
and marketing rates in consumer packaged goods, retail, financial services and design.
Its platform empowers teams to develop ideas, collect consumer feedback and predict
the best execution plan for them. Danone, a global food company, used their services
to launch the Activia product line in USA and the result beat the initial forecast by four
times [kaf 2014].

Foldit is a puzzle game about protein folding. It uses the human brain’s natural
three-dimensional pattern matching to solve the problem of protein structure prediction.
The highest scoring solutions are analysed by researchers and validated if applicable in
real problems or not. Users in Foldit has already helped to decipher the crystal structure
of the Mason-Pfizer monkey virus retroviral protease [Khatib et al. 2011]. The free and
easy-to-use application VizWiz recruits web volunteers, including from Mechanical Turk
marketplace, to help blind and visually impaired people. It sends photos with recorded
questions about text labels, colors or icons and get answers back in real-time from web
workers. The high availability of internet users to provide fast and accurate answers makes
the service reliable.

There are plenty of examples that promote the collaboration of many participants
to achieve better outcomes. This advantage motivates the incorporation of collective in-
telligence within MOEAs.

3. COIN-based Operator

The association of COIN features to multi-objective optimization field raises the under-
standing of preferences from an individual context to a collective perception. The ag-
gregation of preferences transforms qualitative feelings into quantitative values to bias
the search during the optimization phase and restrict the objective space. In this sense, a
reliable preference vector improves the trade-off answers obtained.

Local preferences are usually expressed as weight vectors, lexicographic sorting
of objectives, reference directions or reference points. MOEAs techniques are classi-
fied by their articulation of preferences: a priori; interactive (progressive); a posteriori.
While some initiatives develop a partial order of preferences based on a priori reference
points to give a stronger selection pressure among Pareto-equivalent solutions, others pro-
gressive methods combine simultaneously the preferences information and the search for
solutions.
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Interactive methods use transitional results throughout the evolution process and
steer the search towards preferred parts of the PF .This behaviour gives the DMs a chance
to extend their knowledge about the problem and review their preference model over time.
A priori approaches demand previous knowledge of a complete solution, which is difficult
to obtain in most of the complex problems.

The interaction and aggregation of multiple opinions can be used to produce an
accurate representation of reference points. A unique DM carries the risk of having mis-
taken guidelines or poor quality in terms of search parameter. Conversely, the synergy of
actions and the heterogeneity inside collective environments develop creative resolutions
based on the crowds’ subjectivity and cognition.

This work uses a collective intelligence operator to bias the search during the opti-
mization phase and restrict the objective space. Besides the four main operators based on
the theory of evolution: selection, crossover, mutation and elite-preservation; the COIN
operator receives rational collaborations from the participants to improve the overall qual-
ity of evolutionary population and generate more appropriated points for DM final choice.
From a larger perspective, the COIN operator brings a subjective input to the optimiza-
tion engine and gives a new collective intelligence component to work along the random
operators from stochastic methods.

By means of people’s heterogeneity and common sense, the COIN operator iter-
atively refine the search parameters with rational collaborations to improve the overall
quality of evolutionary population. The suggested approach decreases the number of
function evaluations, accelerate the convergence and achieve relevant regions of Pareto
front at a lower computational cost.

4. Algorithms
In [Cinalli et al. 2016] the authors extended the classical MOEA: NSGA-II
[Deb et al. 2002]. The main changes on the original method are the incorporation
of COIN as an operator; the transformation of the continuous evolutionary process into
an interactive one; and the adoption of collective reference points to drive the search
towards relevant regions in Pareto-optimal front.

The CI-NSGA-II algorithm consumes preference information to explore satisfac-
tory solutions for DMs. It prioritizes the points close to the online collective reference
point. All the references points are discovered online with the support of a genuine col-
lective intelligence of many users. The algorithm allow the DMs to choose multiple ref-
erence points simultaneously whether they are feasible (deducible from a solution vector)
or infeasible points.

5. Experiments with Collective Intelligence
5.1. Multi-Objective Test Problems
Because of the space limitations, this paper will concentrate the attention on a real-case
experiment with the interaction of many users. But this section reports a relatively brief
summary of the tests with benchmark problems [Cinalli et al. 2016].

The CI-NSGA-II is compared with respect to the preference-based algorithms:
CI-SPEA2 and CI-SMS-EMOA [Cinalli et al. 2015a]. The scalable multi-objective test
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Table 1. Results of the Conover-Inman statistical hypothesis tests based on the
mean values. Green cells (+) denote cases where the algorithm in the row statis-
tically was better than the one in the column. Cells marked in red (−) are cases
where the method in the column yielded statistically better results when com-
pared to the method in the row.

ZDT1 ZDT2 ZDT3 ZDT4

CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA

CI-NSGA-II � + + � + + � + + � + +
CI-SPEA2 − � + − � + − � + − � −
CI-SMS-EMOA − − � − − � − − � − + �

ZDT6 DTLZ1 DTLZ2 DTLZ3

CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA

CI-NSGA-II � − + � + − � + + � + +
CI-SPEA2 + � + − � − − � + − � +
CI-SMS-EMOA − − � + + � − − � − − �

DTLZ4 DTLZ5 DTLZ6 DTLZ7

CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA

CI-NSGA-II � + + � − + � − − � + +
CI-SPEA2 − � + + � + + � − − � −
CI-SMS-EMOA − − � − − � + + � − + �

WFG1 WFG2 WFG3 WFG4

CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA

CI-NSGA-II � + + � + + � + − � + +
CI-SPEA2 − � + − � + − � − − � −
CI-SMS-EMOA − − � − − � + + � − + �

WFG5 WFG6 WFG7 WFG8

CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA CI-NSGA-II CI-SPEA2 CI-SMS-EMOA

CI-NSGA-II � − + � − − � − + � + −
CI-SPEA2 + � + + � − + � + − � −
CI-SMS-EMOA − − � + + � − − � + + �

problems ZDT, DTLZ and WFG [Coello et al. 2007] have a known optimal front and can
be used to benchmark the outcome of all the algorithms. Their features cover different
classes of MOPs and difficulties: convex PF , non-contiguous convex parts, non-convex,
multimodal, etc.

After 30 independent executions per algorithm on each test problem, the Conover-
Inman procedure [Conover 1999] was used used for multiple comparisons of the reseults.
The Conover-Inman procedure is a non-parametric method for testing equality of popu-
lation medians. It can be implemented in a pairwise manner to determine if the results of
one algorithm were significantly better than those of the other. The test does not assume
that all populations are normally distributed and is recommended when the normality as-
sumption is not viable. A significance level, α, of 0.05 was used for all tests. Table 1
contains the results of the statistical analysis for all the test problems based on the mean
values.

The CI-NSGA-II with Gaussian Mixture model consistently outperformed the oth-
ers algorithms in most cases. Concerning the convergence indicator, CI-NSGA-II was
ranked best in 16 of 21 test functions, except for ZDT1, ZDTL6, DTLZ1, WFG6 and
WFG8. The CI-SPEA2 and CI-SMS-EMOA have a similar performance on WFG tests.
It is worth noticing that ZDT4 experiment demonstrated a premature convergence around
the online reference points. A better control of the extent of obtained solutions must be
investigated to avoid this behaviour.

5.2. Facility Location Problem

This experiment was developed to meet the needs of a major petroleum extraction and
mining conglomerate of Brazil. In this context, the mining industry must extract valuable
minerals or other geological materials from resource areas and allocate warehouses in
such a way that optimizes its operational costs and production of collected resources.
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These circumstances describe a multi-objective decision making problem with many stake
holders looking for efficient approaches.

The problem —to put it in simple terms— has to find a good solution for position-
ing the processing units according the resource area in a continuous representation of the
world. It is formally represented as:

min
N∑
i=1

M∑
j=1

σijdij +
M∑
j=1

cjµ (2)

max
N∑
i=1

M∑
j=1

σijvj (3)

Let µ be the cost of one processing unit, v the productive capacity of one process-
ing unit linked to one resource area,M a set of available positions to processing units,N a
set of available positions to resource area andD a distance matrix (def )nxm, where n ∈ N
and m ∈ M . The decision variables are the processing unit cj (j ∈ M ) that assumes 1 if
it is placed at position j or 0 otherwise and σij that assumes 1 if there is a link between
the resource area at position i ∈ N and the processing unit at position j ∈M .

As a real-world case example, the objectives and decision variables are meaning-
ful to people. The problem can employ the participation of many users and interact with
crowd’s cognition to explore preferred solutions. This research has a simulated environ-
ment 1 where individuals from the evolutionary algorithm population are distributed to
the participants who have to fix and change their position arrangement.

Figure 1 shows the dynamic board scene and its internal representation inside the
algorithm.

Figure 1. Game and Computational representation of the facility problem.

The objectives are presented as a game to increase engagement of players and
retain their interest during the optimization process. There are four different scenarios
available in the game: easy, easy obstacles, medium obstacles and hard obstacles. The
first one allows only straight lines to connect objects and ignores any sort of obstacles.
From second to the fourth scenario, the zigzag lines have to be used to avoid the obstacles.
The level of difficulty increases according to the number of obstacles in the game scene.
The medium and hard scenarios are complex and simulate aspects of the real world.

1http://playcanv.as/p/1ARj738G
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Table 2. Results of fixed distance on continuous problem.
Easy Easy Obstacles

Algorithms Fixed DS→PF
: 20 Fixed DS→PF

: 20

DS→PF
Eval κ Ψ Time Eval κ Ψ

NSGA-II 7,6 1.600 14,7 e05 3257,4 274,6 13.600 17,0 e05 5832,5
R-NSGA-II 5,8 1.500 15,1 e05 3304,9 271,5 12.800 16,2 e05 6999,5
CI-NSGA-II NA NA NA NA 366,7 6.800 58,9 e05 1991,1

Medium Obstacles Hard Obstacles

Fixed DS→PF
: 20 Fixed DS→PF

: 20

DS→PF
Eval κ Ψ Time Eval κ Ψ

NSGA-II 4702,7 22.000 16,7 e05 2157,7 490732,3 120.873 19,4 e05 2045,0
R-NSGA-II 3620,7 11.200 22,0 e05 1991,1 345600,7 89.200 16,2 e05 1911,1
CI-NSGA-II 1204,9 9.635 12,8 e05 1873,0 26.098 28.912 16,9 e05 1239

The placement of facilities exploits people 3D spatial reasoning to avoid natural
obstacles and uses their collaboration to apply rational improvements in the quality of
EA population. In this regard, the original NSGA-II runs independently, whereas the R-
NSGA-II uses the ideal point as a fixed reference point. In the CI-NSGA-II, participants
can interactively redesign all the elements in the game scene and update the arrangements
with straight lines or zigzag lines.

A minimum distance between the current approximation set S and the Pareto-
optimal front is measured by the front coverage indicator [Bosman and Thierens 2003],
DS→PF

. A proximity of DS→PF
= 20 is the criteria to stop the evolution and compare the

algorithms in terms of time spent. The others measures are the number of function evalu-
ations, the referential cluster variance indicator (κ) and the convex hull volume indicator
(Ψ) [Cinalli et al. 2016].

The main goal is to analyse the performance of CI-NSGA-II facing distinct envi-
ronments and to identify when the collective intelligence has a positive influence in the
results. Based on the results in Table 2, the original R-NSGA-II won in the simplest sce-
narios: Easy and Easy Obstacles. But the CI-NSGA-II algorithm had a better performance
in the more complex ones: Medium Obstacles and Hard Obstacles.

As the complexity grows, the support of the collective intelligence and reference
points enhance the MOEA results. In the Hard Obstacles scenario, the CI-NSGA-II re-
quired 3 times less function evaluation and performed 13 times faster than R-NSGA-II.
The number of evaluation function computed by CI-NSGA was smaller since the Easy
Obstacles scenario.

In complex facility location problems, the interactive MOEA could benefit from
human characteristics, such as 3D spatial reasoning and strategic thinking. The aug-
mented algorithm receives rational collaborations to improve the overall quality of evolu-
tionary population and positively affect further generations.

The collective intelligence MOEA iteratively refines the search parameters and
adopts players collaborations to achieve more appropriated points in the final trade-off
set. From a practical point of view, the arrangement of facilities involves large sums of
capital resources. This method shows its potential use in finding a handful of preferred
solutions and giving the company a competitive advantage.

8



6. Final Remarks
The progressive articulation of preferences and collective intelligence implement a dy-
namism not managed by a priori methods. The combination of collective intelligence in
MOEAs has an advantage over traditional iterative approaches because their results are
driven not by one DM, but a group of people that delimits their collective area of interest
and preferences in the objective space.

In this work we have used a COIN-based algorithms to improve the successive
stages of evolution via dynamic group contributions. The interactive algorithms can ap-
prehend people’s heterogeneity and common sense to guide the search through relevant
regions of Pareto-optimal front. A continuous real-world case study regarding facility
location was tested successfully against the algorithms. The multi-objective scenario was
reproduced as a game and directed to a collective intelligence support. Results outlined
the benefits of collective reference points to unfold solutions designed by a group of peo-
ple that demonstrates to be more intelligent when is working together.

In subsequent steps we plan to explore different features of the evolutionary pro-
cess. There is a particular interest in more complex scenarios with many constraints and
non-explicit objectives hidden in the problem. It is important to validate if the complexity
of the environment will favour even more the integration of COIN in MOEAs. Also, as fu-
ture work, we plan to create an open platform and other web-scenarios to apply collective
intelligence in different multi-objective real world problems.
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